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On the basis of the solution of the equations of motion for the case 
of steady-state laminar flow of a viscous fluid between two circular 
or rectangular porous planes in the presence of a lateral filtration 
flow, we derived the theoretical relationships making it possible to 
determine the degree of filtration nonuniformity. 

Let us examine  the s t e a d y - s t a t e  p l a n e - p a r a l l e l  
l a m i n a r  flow of an i n c o m p r e s s i b l e  v i scous  fluid b e -  
tween two p a r a l l e l  planes s e p a r a t e d  through a d is tance  
2hin  c e n t i m e t e r s .  One or  both planes  a r e  p e r m e a b l e .  
The p r e s s u r e  outs ide  the s lot  is  constant ,  while  the 
p r e s s u r e  ins ide  the s lot  d imin i shes  in the flow d i -  
r ec t ion  x. F i l t r a t i on  takes  p lace  within the s lot  o r  
outs ide  of the s lot ,  under  the inf luence of the p r e s s u r e  
d i f fe rence .  Let  us denote the e x c e s s  p r e s s u r e  by p, 
so that p > 0 c o r r e s p o n d s  to f i l t ra t ion  f rom the slot ,  
whi le  p < 0 c o r r e s p o n d s  to f i l t r a t ion  within the slot .  

The s y s t e m  of the equat ions of motion and cont inui ty 
fo r  this ca se  has the f o r m  

Op Oeu p. (a) 
O x O g ~ ' 

Op = 0, (b) (1) 
Og 

Ou Ov 
- -  + - -  = 0 .  ( e )  
ax Og 

In the case  of i m p e r m e a b l e  wal l s  we have the f a m i l i a r  

solut ion 

dp 3~ 
- - - -  = q - -  (2) 

dx 2h a 

If the p e r m e a b i l i t y  of the wai l s  is  not g r ea t ,  the 

change in v e l o c i t y  along the flow - caused  by the 

f i l t r a t ion  - wi l l  be slow, the t e r m s  with s e c o n d -  
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o r d e r  de r iva t i ve s  with r e s p e c t  to x will  be smal l ,  and 
the equat ions of motion (1) will  be re ta ined ,  with the 
boundary condi t ions ,  however ,  being different .  

We wil l  a s s u m e  that the local  ra te  of f i l t ra t ion is 
p ropor t iona l  to the p r e s s u r e  with a eonstant  p e r -  
meab i l i t y  f ac to r  m. We will  position the coord ina te  
o r ig in  at the en t ry  to the f i l t ra t ion  segment  on the 
s lot  axis .  The boundary condit ions for  the ve loc i ty  
wil l  then be 

x>/0 ,  g = -L- h, u = 0; (a) 

x>/0 ,  g = + h ,  v = 0 ;  (b) 

x > O, g = - - h ,  v =  --rap. (e) 

(3) 

Having in tegra ted  (la) for  condit ions (3a), we obtain 

1 dp 
u (y2 _ h2). (4) 

21. dx 

Having subst i tu ted (4) into continuity equation ( lc) ,  
a f t e r  in tegra t ion  for  condit ion (3c) we obtain the lat-  

e r a l  ve loc i ty  

v -- @ - -  mp. 
tt dx 2 2 6 

(5) 

Condition (3b) fo r  the de t e rmina t ion  of p yie lds  the 
equation 

d2p 3[* m 

dx ~ 2h a 
p = 0 ,  (6) 

whose  solut ion is 

p = C1 sh (ax) q- C~ ch (ax), (7) 

whe re  a = (3pm/2ha) 0"5. 
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P r e s s u r e  d i s t r ibu t ion  in a l iquid ca lcu la ted  f r o m  Eq. (36): 
I and 1') Flow f r o m  cen te r ;  2 and 2') flow toward cen te r ;  
3 and 3') f low between r e c t a n g u l a r  p lanes  (Eq. (18)}. 
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If both p lanes  a re  p e r m e a b l e ,  the en t i r e  solut ion 
r e m a i n s  in effect,  but a = (3pm/ha) ~ 

The solut ion r e m a i n s  valid for  p > 0 and for  p < 0. 
The fo rmula t ion  of the co r r e spond ing  boundary  

condi t ions  for p makes  it poss ib le  to solve all  of the 
p rob l ems  assoc ia ted  with flow of this  kind. 

Let the in i t ia l  excess  p r e s s u r e  in the s lot  be given,  
as well  as the flow ra te  in the supply c i r cu i t :  

x = 0 [P = p~, 

- - h < y < h  {(q=ql,  or  - - ~ - = q l ) - - ~ . d P  3~ (s) 

Condition (8) a s s u m e s  that when x < 0 the flow 
takes place in a flat  s lot  with i m p e r m e a b l e  wal l s ,  
while when x = 0 the veloci ty  prof i le  is fo rmed  in 
accordance  with (4). 

Having d e t e r m i n e d  the cons tan ts  in (7) f rom con-  
di t ion (8), we obtain 

p = p l c h ( a x ) - -  aql sh (ax). (9) 
m 

If when x = l the p r e s s u r e  p van i shes ,  l is a sma l l  
!ength of the s egmen t  in which f i l t r a t ion  f rom the slot  
i s  poss ib le .  Let  us find this  length. It follows f rom 
(9) that 

th (al) = rnpl (10) 
aql 

o r  

1 = - ~ 1  In 3 ~ q l + 2 a p l h 8  (11) 
2a 31~ql-- 2aplh s ' 

and we can the re fo re  r ega rd  as phys ica l ly  poss ib le  
only those va lues  of Pl and ql which sa t i s fy  the in -  
equal i ty  

Pl < ql (3~/2hSm) ~ (12) 

F r o m  (9) and (10) we also obtain 

sh a (l - -  x) p =p~ (13) 
sha/ 

The totaI quant i ty  of fluid drawn along path x through 
the porous plane is 

x 

qf = .( v d x  = - - m  pdx.  
0 o 

(14) 

The r e m a i n i n g  por t ion of the fluid ql - qf = qt r  
r e p r e s e n t s  the t r a n s i t  flow. Having subs t i tu ted  the 
value f rom (13) into (14) and a f te r  having p e r f o r m e d  
the ca l cu l a t i ons ,  we find that 

ch a (l - - x )  (15) 
tr ,p = ql ch al 

It fol lows f rom (15) that the total  f i l t r a t ion  of the 
e n t i r e  i ncoming  fluid cannot  be achieved in a s egmen t  
of f in i te  length.  When x = l the t r a n s i t  flow eouals  

qx (16) 
qtr = ch a/" 

When x > l and p < 0, the d i r ec t i on  of f i l t r a t i on  
also changes 

If we r e qu i r e  total f i l t ra t ion  on the segment  x = l 2 
the value of p is de t e rmined  f rom (7) at the closed end 
of this segment  for  the boundary  condit ions:  

x =0, p = p , ,  

dp = O. 
x = l 2, q = 0, o r  dx 

Then,  for  the p r e s s u r e  p we obtain 

(17) 

P = Pl [ch ax - -  th (al2) sh ax] (18) 

and 

^ 
P~ = p, 1 (19) 

Pl ch al2 

Let us now examine  the case of the rad ia l  flow of 
a fluid between p e r m e a b l e  disks.  The equat ions  of 
mot ion and cont inui ty  a r e  

ap 0 %  
- ~ , ( a )  

Or Oz ~ 

Op _ O, O_pp .= O, (b) 
Oz 0 

1 O(rvr) q- Ovz = 0. (c) 
r Or Oz 

(20) 

The boundary  condi t ions  for the ve loc i t i es  a re  given by 

z = +_ h, vr = O, (a) 

z = - F h ,  v z = 0 ,  (b) 

z = - -  h, v~ = - -  rap, (c) (21) 

then 

1 d p  ( z  ~ __ h2) ,  
2~ dr 

- - (  d~p 1 dp t 
v z =  \-~f+--r--O-r ] x 

x (  6~ za h~z2~ + h_~_). 

To find the p r e s s u r e  f rom condit ion (21c) we obtain 

d*p "~ 1 dp a*p = O, (22) 
dr ~ r dr 

where  a 2 = 3 p m / 2 h  ~. 
The solut ion of Eq. (22) has the form 

p = Cllo (ar) q- C2Ko (at). (2 3 ) 

Let us examine  ce r t a in  speciaI  cases .  We wil l  
a s s u m e  e v e r y w h e r e  in the following that r 2 > r 1. 
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1. Let  the p r e s ~ r e  Pl and the flow r a t e  ql a long 
the r a d i u s  r t fo r  flow f rom the c e n t e r  to the p e r i p h e r y  
be given.  In ana logy  with  (8) we have 

r=rl ,  P=Px, 

Q dp 3ix a 2 
2nr --" q =ql' o r  ----dr = q ~ =ql--m " (24) 

F r o m  these  condi t ions ,  having d e t e r m i n e d  the 
cons tan t s  in (23), we obtain 

P=Pl(art){[ Kl(arl) mplaq' Ko(arl)]io(ar)-l- 

+ [  ll(ara)+ aqampl lo(aq)] Ko(ar)}. (25) 

If with r = r .  the p r e s s u r e  p v a n i s h e s ,  r .  is  the 
g r e a t e s t  r a d i u s  to which f i l t r a t i on  f rom the s lo t  i s  
p o s s i b l e .  Th is  r a d i u s  is  d e t e r m i n e d  f r o m  the con-  
di t ion that  the e x p r e s s i o n  in (25) conta ined  within the 
b r a c e s  is  equal  to z e r o  when r = r . .  Hence we obta in  

aqx Ko(aq)_Kl (arl ) 
Ko (ar,) _ mp a (26) 

lo(ar ,)  aql lo(aq) -t-Ix(art) 
mPl 

We now c a l c u l a t e  the to ta l  vo lume of the fluid which 
i s  f i l t e r e d  in the s e g m e n t  f rom r i  to r , :  

r. 

Qf = j" 2n rmpdr. (27) 
rl 

To c a l c u l a t e  Qf, i n s t ead  of i n t e g r a t i n g  (25), i t  i s  
m o r e  conven ien t  to d e t e r m i n e  the a r b i t r a r y  cons tan t s  
in (23) f r o m  the condi t ions  

r = r 1 P = P t ,  

r = r ,  p = 0, (28) 

Inequal i ty  (31) is  eau iva len t  to the fol lowing:  

11 (ar,) Ko (ar,) + 10 (at,) K, (ar,) 
11 (arl) Ko (arl) + Io (at,) K1 (aq) 

(r, < r • r,). 

>I  

(32) 

Since I i ( a r l ) ~  0 and Kl (a r l )  ~ 0, it  i s  p o s s i b l e  by  
m e a n s  of t e r m - b y - t e r m  d iv is ion  to p r e s e n t  (32) in the 
fo rm 

Ko(ar,) lo(ar , )] /  
-~ 11 (aq) 

Y 

/[Ko(aq)_~K1 (arl) I~ (aq) ] > 1 1 1  (at1) (r,  ~ rl). (33) 

When r ,  = r l ,  Y ~ 1. T h e r e f o r e ,  to p rove  i nequa l -  
i ty  (33) i t  is  suf f ic ien t  that  we e s t a b l i s h  that  when 
r ,  > r 1 the l e f t -hand  p a r t  of (33) i n c r e a s e s  wi th  in -  
c r e a s i n g  r , ,  o r  in o t t :e r  w o r d s ,  i t  is  suf f ic ien t  that  w 

OY 
e s t a b l i s h  that  0 (ar,) is  pos i t i ve  when r ,  > r 1. 

We f ind the d e r i v a t i v e  

OY - - I  Ka(ar,) + ll(ar,) l /  
O(ar,) K1 (arl) 11 (arO J 

/[Ko(ar,) ~ lo(ara)]. (34) 
Kt (arl) 11 (arl) 

Since fo r  a l l  r .  > r l ,  K l ( a r . )  < Kl (a r l )  , and I i ( a r . )  > 
> I f (ar t )  , the  d e r i v a t i v e  is  a lways  pos i t ive .  Hence i t  
fo l lows that  we a lways  have the condi t ion Qf < Q1, 
i. e . ,  to ta l  f i l t r a t i on  i s  i m p o s s i b l e  on a r a d i u s  of 
f in i te  magn i tude .  Ana logous ly ,  we can d e m o n s t r a t e  
that  th is  s t a t e m e n t  is  a l so  t r u e  fo r  flow t o w a r d  the 
c e n t e r .  

2. If the s l o t  i s  c o v e r e d  at  r a d i u s  r2, i . e . ,  if the 
d i s k s  a r e  of l i m i t e d  d ime ns ion ,  and if  the en t i r e  
supp l i ed  vo lume  of fluid is  f i l t e r e d ,  the bounda ry  
condi t ions  fo r  (22) a r e  w r i t t e n  in the f o r m  

which  y i e l d  

P=Pl Ko(ar,)to(ar)--lo(ar,)Ko(ar) (29) 
Io (at1) Ko (ar,) --  Io (ar,) Ko.(aq) ' 

and a f t e r  the ca l cu l a t i ons  we obta in  

Q-s = 1 -  1 
Qx arx [/x (ara) K~ (ar,) + 10 (ar,) Kx (ar,)] " ( 30 ) 

The  r e l a t i o n s h i p  be tween  the i ncoming  and f i l t e r e d  
f luid v o l u m e s ,  o r  the  magn i tude  of the  t r a n s i t  flow 
Qt r  = Qi - Qf, is  a function of the auan t i t i e s  in the  d e -  
n o m i n a t o r  in the  r i g h t - h a n d  m e m b e r  of (30). We wi l l  
d e m o n s t r a t e  that  fo r  any a r t  i t  is  g r e a t e r  than uni ty 
when r .  > r~, i . e . ,  that  

at1 [ l l (aq)  Ko (at,)  + Io (at,)  K1 (an)]  > 1 

(r, > r,). (31) 

r = r l ,  
dp a ~ - - - - = q l  - - ,  
dr m 

n d  
r = r,, ---~ = 0 ,  (35) 

dr 

and the p r e s s u r e  is  e x p r e s s e d  as  

P= aqx Kl(ar~)lo(ar) q- la(ar2)Ko(ar) (36) 
m I, (ar2) K1 (arx) -- 11 (arl) K, (are) 

Since the r a t e  of f i l t r a t i o n  is  p r o p o r t i o n a l  to the 
p r e s s u r e ,  f r o m  (36) we d e r i v e  the r a t i o  of the loca l  
f i l t r a t i on  flow r a t e  at  the r ad i i  r 1 and r2, which is  

QI -- at2 [KI (are) Io (aq) -t- Ix (at2) Ko (at1)] �9 (37 ) Q~ 

E x p r e s s i o n  {37) m a k e s  i t  p o s s i b l e  to d e t e r m i n e  the 
d e g r e e  of nonun i fo rmi ty  in f i l t r a t i on  at  the b o u n d a r i e s  
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of a porous  r ing  bounded by radi i  rt and r 2. The f igure 
shows a n u m b e r  of curves  for var ious  va lues  of a r  t 
and a r  2 for  ident ica l  in i t ia l  flow ra tes  Q1. 

As we can see  f rom the shape of the cu rves ,  the 
na tu re  of the p r e s s u r e  d i s t r ibu t ion  differs  s u b s t a n -  
t i a l ly  for cases  of flow f rom the cen te r  and to the 
cen te r .  In the l a t t e r  case  the d i s t r ibu t ion  is more  
un i form.  With i n c r e a s i n g  d is tance  i r o m  the cen te r ,  
the d i s t r ibu t ion  of local  f i l t ra t ion  flows tends toward 
sotut ion (18). As shown in the f igure ,  the d i f ference  
between solut ions  (36) and (18) does not exceed 5% 
when a r  2 = 10 and a r  1 = 8. 

NOTATION 

p is the p r e s s u r e ,  dyne/cm2;  u and v a r e  the ve -  
loci ty  components  in the d i rec t ion  of coordinate  axes,  

c m / s e c ;  q is the flow ra te  per  unit  length of the feed 
contour ,  cm2/see; /~  is the fluid v i scos i ty ,  g /cm sec;  
2h is the width of the slot  gap, cm;  m is  the p e r m e -  
ab i l i ty fac to r ,  cm~ see /g ;  r is the rad ius ,  cm; I 0 and 
K0 are  Besse l  funct ions of i ma g i na r y  a rgumen t  with 
zero subsc r ip t ;  I i and K 1 a re  Besse l  funct ions of imag -  
ina ry  a rgumen t  with subsc r ip t  1; Qf is the total volume 
of f i l t ra ted  liquid, ema/see ;  Qtr is the t r a n s i e n t  volume 
of l iquid through slot ,  cm3/see .  

16 J a nua r y  1967 The Inst i tute  of Chemical  
Engineer ing ,  Moscow 


